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value of urn is not negligible. Its decrease in the value of ur is 
estimated at about 32% in our condition according to Faxen’s 
equation (1922). However, the value of up is also equally affected 
by the presence of the side walls. Therefore, the value of P is not 
affected much by the presence of the side walls, because the 
errors included in the denominator up and the numerator u, of 
Eq. 6 cancel out each other. These separate effects cannot be 
linearly superposed (Sonshine et  al., 1966). This causes some 
discrepancies between observed and calculated results. 

It is certain that the experimental result is affected by the 
Reynolds number, because the increase in this number causes 
the experimental values to deviate considerably from the 
theoretical curve. 

The preceding discussion on the reasons l., 2., and 3. explains 
the fact that the experimental values are smaller than the 
theoretical ones. The spread of the experimental values is 
applied to the reason 4. 

The experimental values in the case of the free surface spread 
more than those in the case of the solid surface. This is so, 
because it was very difficult to keep the concentration of millet 
jelly (i.e., the density of millet jelly) in the vicinity of the free 
surface homogeneous. 

The comparison of Figures 3 and 4 indicates that the value ofp 
in the case of the free surface is smaller than that in the case of 
the solid surface at the same h.  There might be two reasons for 
this. First, the tangential stresses vanish on the free surface. 
Secondly, when the sphere approaches the vicinity of the free 
surface, the free surface is raised by the push of the sphere. The 
latter was not considered in Brenner’s analysis. 

NOTATION 

F = resistance force 
= London-Van der  Waals force 
= minimum separation between sphere and plane sur- 

= gravitation acceleration 
= mass of sphere 
= radius of sphere 
= distance between two marks 
= time 
= sphere velocity 
= Stokes sedimentation or rise velocity 
= correction factor 
= densities of fluid and sphere 
= fluid viscosity 

faces 
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The design of heat and mass transfer equipment requires an 
accurate knowledge of heat and mass transfer Nusselt numbers. 

These can be theoretically predicted and correlated from the 
turbulent transport equations, if-one knows how the eddy dif- 
fusivities vary with Reynolds’ number, fluid properties and the 
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Various relationships have been proposed for the difhsivities 
in the region near the wall and others have been suggested for 
the turbulent core and buffer region. However, no satisfactory 
single equation has yet been developed that applies to all re- 
gions and which also incorporates the effects of Reynolds' 
number and fluid properties. The purpose of this work was to 
obtain such an equation and to suggest asymptotic equations for 
the near-wall and core regions. 

ASYMPTOTIC EQUATIONS 

the general form: 
Near the wall, correlations of eddy diffusivities are usually of 

where P and m are constants. Although originally suggested by 
Murphee, Notter and Sleicher (1969) placed on firm theoretical 
grounds a value of rn = 3 as y + 0. This value was supported for 
mass transfer by the experimental data of Lin et  al. (1953), and 
by the correlations of Hughmark (1971) for heat transfer and of 
Notter and Sleicher (1969, 1971) for heat and momentum trans- 
fer. 

In the core region, Brinkworth and Smith (1973) fitted ex- 
perimental data to a Reichardt-type distribution. This equation 
correctly predicts a nonzero and almost constant diffusivity at 
the center, in agreement with experimental data. However the 
Johnk and Hanratty (1962) data at various Reynolds' numbers 
deviated from it consistently. Therefore, in this work we have 
used a modified Reichardt equation with an adjustable param- 
eter, b: 

-- - 0.063(1- E H C  

u*R 

In many applications (Berker and Whitaker, 1978), it is not 
necessary to know the radial variation of the diffusivity and 
instead an area average diffusivity will suffice. Using the data of 
Johnk and Hanratty (1962), Brinkworth and Smith (1973), Smith 
et  al. (1968) and Beckwith and Fahien (1963), values of the 
area-averaged thermal diffusivities were obtained in terms of 
the dimensionless group < E ~ > / ~ u + R H ,  where R H  is the hydrau- 
lic radius. These values were found to be roughly independent 
of Reynolds' number. Their mean was found to be <EH>/2u.R,, 
= 0.069, or, in a more convenient form, < E H > / u  = 0.0345 
R e m .  

For comparison the average mass difhsivity obtained from 
the mass transfer data of Seagrave and Fahien (1961) at three 
values of Re was found to be about 0.078(2u*RH). The molecular 
Schmidt number for this system is about 3,200. Groenhof (1973) 
calculated an average mass diffusivity of 0.08(2u*RH) for values 
of Re in the range 25,800-74,900 and Sc about 750. Shenvood 
and Woertz (1939) measured the mass difhsivity of water vapor 
through gas streams in a thin duct of halfwidth H and obtained 
<E,>/Zu.R)r = 0.567. Thus, the mass diffusivities are within t 
20% of those for heat over a wide range of Schmidt numbers. By 
comparison, the widely used Prandtl-Schlichting equation gives 
< ~ y >  = 0.0667 (2ueRH). 

GENERAL EQUATION 

Of the various possibilities for nondimensionalizing E in the 
general equation, we have selected <E> since it has been 
correlated a5 part of this work and since €1 <E> E E* shows the 
radial variation relative to the average value. Converting the 
wall equation to E * ,  one uses the average value <EH> = 0.069 
u*R and the Blasius equation f = 0.0791/Re0.25 to obtain: 

E * , + ~  = 0.143 /3H(Re)'.75(l-r*)3 (r*+l )  (3) 
To get the core equation, one divides Eq. 2 by its integral over 
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the cross-section and obtains: 

.eCH = - ' (1 + b e z )  ( 1 - F )  (4) 

Having asymptotic Eqs. 3 and 4, it is possible to develop an 
overall correlation by the use of a method developed by Church- 
ill and Usagi (1972). In this method, the interpolation expression 
is : 

b+3 

E* = [(€a)- + (EE)-"]-"n (5) 

where the exponent n has to be determined. Since the wall 
equation is Reynolds' number-dependent, this method could 
give different values of n for each of the five Reynolds numbers 
at which the Johnk and Hanratty data were taken. This possible 
dependence of n on Re was tested by a least squares correlation 
(Westerberg, 1973). In the first set of runs, the five values o f n  
were considered along with the parameters b and P H  with the 
result that the values of n displayed a negligible Reynolds' 
number dependence. Therefore, a second set of least squares 
correlations was carried out to determine the best fitting values 
of the parameters n, b, P H  and the exponent m of y+ in the 
asymptotic wall equation. These results confirmed a value of rn 
= 3. In addition, the best value for n was found to be nearly one, 
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Figure 1. Dimensionless eddy diffusivity vs. dimensionless radial position. 
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with b between 2.3 and 2.4 and / 3 H  between 0.000872 and 
0.001426. Then, using m = 3 ,  n = 1 and P H  = 0.00096 (the best 
fit constant for Hughmarks wall correlation), the best least 
square value of b was found to be 2.345. 

The final correlation is then, 

with 

E&, = 0.000137 Re’.’5 (l-r*)3 (7) 

E P H  = 1.123 (1 + 2 . 3 4 5 r * 2 ) ( 1 - r * 2 )  ( 8 )  

It is interesting to notice that the general expression for the 
diffusivity Eq. 6 can now be interpreted as a net resistance 
obtained as the sum of two resistances in series. Substituting 
Eqs. 7 and 8 into Eq. 6 gives a general equation: 

E*H = {[1.123(1 + 2.345r*2)(1-r*2)]-’ + 
[0.000137Re’,75 (l-r*)3]-1}-1 (9) 

Plots of the above correlation together with the experimental 
results of Johnk and Hanratty for air and of Brinkworth and 
Smith for water are shown in Figure 1. The agreement is good 
for Re between 18,000 and 100,000. However, the data of 
Beckwith and Fahien for water at Re < 18,000 d o  not agree as 
well at r* < 0.8. 

A plot in the form E H / V  vs. y+ (Figure 2) is presented to show 
that the data in the transition region are well-correlated by a 
single correlation, thus, eliminating the need for separate ex- 
pressions to describe the eddy diffusivity variation near the wall. 

Although Eq. 9 was derived from asymptotic equations that fit 
E H  data, it can be used to estimate ED and EM within 20-30% or 
more accuracy, if the turbulent Schmidt and Prandtl numbers 
are known (Hughmark, 1975; Notter and Sleicher, 1975). 

The turbulent Prandtl and Schmidt numbers actually vary 
with radial position. At the wall, Notter and Sleicher (1975) 
suggest a value of the reciprocal turbulent Prandtl number of 
1 .3 .  Thus, if Eq. 7 is to be used separately to get EM.,,, it should be 
multiplied by 1.3.  

In the core, Hughmark (1975) found that a value of unity for 
the turbulent Prandtl number gives good predictions of the 
Nusselt numbers. Also, Brinkworth and Smith obtained a tnrbu- 
lent Prandtl number of 0.977from the experimental data. Thus, 
Eq. 8 can probably be used for either heat or momentum 
transport. However, since Eq. 9 includes the equation for the 
wall region, it is strictly correct only for heat transport. 

NOTATION 

b 
H 
r 
R = pipe radius, m 
RH = hydraulic radius, m 
U- = friction velocity, mls 
<u> 
Y 
z 

= parameter in modified Reichardt equation 
= half width of duct 
= radial distance from the center, cm 

= mean bulk flow velocity, mls 
= radial distance from wall, m 
= dimensional axial variable, m 

Greek Letters 

E = eddy diffusivity, m2is 
V = kinematic viscosity, m’/s 

D = mass transfer 
M = momentum transfer 
W = wall condition 
H = heat transfer 

Dimensionless Groups 

Re = ~ R H < V > / V ,  Reynolds’ number 
E* = €I<€> 
Sc = Schmidt number 
f 
r* 
Y+ 
Y* = 1 - r *  

= Fanning friction factor 
= r / R ,  dimensionless radial variable 
= y u h  dimensionless distance from pipe wall 
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Subscripts 

C = core 
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